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0. Introduction 

The Faber-Zagier (FZ) relations in the tautological ring of the moduli 
space Ai g of smooth curves of genus g were recently proven to be true 
relations by R. Pandharipande and the author (see [7] for a sketch of 
the proof). These relations were constructed using the geometry of 
the moduli of stable quotients [6], which actually produces relations 
in Ai g . Although we only analyzed these relations after restriction to 
M.gi this means that our approach to the FZ relations also proves that 
these relations must extend tautologically to M. g . 

These notes give a conjectural description of this extension and also 
explain how to add marked points to the relations. The result is a very 
large class of conjectural relations in the tautological ring of M. g , n - 
These notes are loosely based on informal talks given by the author at 
the workshop at KTH Stockholm on "The moduli space of curves and 
its intersection theory" in April 2012. 
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1. The strata algebra 

We begin by reviewing a set of additive generators for the tautolog- 
ical ring R*(M. g n ) that were described by Graber and Pandharipande 
([5], Proposition 11). 

The pure boundary strata in M. g , n are parametrized by their dual 
graphs: replace each irreducible component with a vertex labeled with 
the genus of the component, replace nodes with edges, and replace 
markings with half-edges labeled with the marking number. The only 
combinatorial constraints on such a dual graph V with n half-edges are 
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that it should be connected, that any vertex of genus zero should have 
degree at least three, and that the sum of the genera of the vertices 
plus the cycle number of the graph should be equal to g. We will let 
V(r) denote the set of vertices and E(T) the set of full edges of T. 

A valid dual graph T gives a gluing map £r : -Mr '■= A"f 5l>ni X 
M.g 2 ,n 2 x • • • x M.g k ,n k M-g,n- The set of generators given in [5] con- 
sists of the pushforwards £r*# of classes 9 that are monomials in the 
Arbarello-Cornalba k (see [1]) and cotangent line classes on the com- 
ponents of Air- The automorphism group of V acts on these monomi- 
als, and we want to take just one representative from each orbit under 
this action. 

Let Sg tTl be the finite-dimensional Q-vector space with basis labeled 
by the generators described above. The proof in [5] that the linear span 
of these generators is closed under multiplication in the tautological 
ring provides rules for multiplying two of the generators together and 
re-expressing as a linear combination of the generators, and we can 
use this to define a Q-bilinear multiplication operation on S giTl . It is 
straightforward to verify that this operation is associative (by defining 
(A, B, C)-graphs analogously to the (A, _B)-graphs in |5|). Thus S 9jn 
with this multiplication has the structure of a commutative Q-algebra. 
We call Sg tn the strata algebra and note that it comes equipped with a 
natural surjection to the tautological ring R*(M. g>n ). 

In addition, the rules given in [5] and |T] for taking the pushforward 
or pullback of one of the generators along a forgetful or gluing map 
allow us to define Q-linear maps between the strata algebras lifting 
the pushforward and pullback maps between the tautological rings. It 
is again straightforward to check that these pushforward and pullback 
maps on strata algebras satisfy the basic ring-theoretic properties one 
would expect (i.e. pullbacks are ring homomorphisms and the projec- 
tion formula holds). 

These strata algebras should be viewed as generalizations to M. g>n 
of the formal polynomial algebra Q[k,i, K2, ■ ■ •] that surjects onto the 
tautological ring of M. g - From now on, by a tautological relation we 
will mean an element of the kernel of the natural surjection «S fl>n — > 

R*(Mg, n ). 



2. The relations 

2.1. The Faber-Zagier (FZ) relations. Before describing our gener- 
alization of the FZ relations, we recall how the FZ relations themselves 
are constructed. The following description can be easily shown to be 
equivalent to the usual ones, though it may appear slightly different. 
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We need to establish some notation. First, A and B are the funda- 
mental power series 

A = V (6n)! T n 
^ (3n)!(2ra)! 



n>0 

and 



/; \ — ■ (6n)! t" 



EQn + 1 
6ra- 1 



. (3ra)!(2n)!" 

n>0 V 7 V 7 

Then (Cj) is a sequence of power series for ? > 0, i ^ 2 mod 3, defined 
in terms of A and B: 

C 3l = TM, 

Next, if F is a power series in T then we let [-F]t™ denote the coeffi- 
cient of T n and define 

{F} = J2iF}T-K n T n , 

n 

where the K n are formal indeterminates. 

Finally, k is a linear operator converting polynomials in K , K±, . . . 
into polynomials in k,q, k±, . . ., defined by 

K(K ei ---K ei ) = n Ke = 

t^Si c cycle in r 

where e c is the sum of the appearing in the cycle c in a permutation 
of{l,. ..,/}. 

The FZ relations in R r (M g ) are parametrized by partitions a with 
no parts of size 2 mod 3, subject to the conditions 3r > g + 1 + \ a\ and 
3r = g + 1 + \a\ mod 2. Given such a partition a with parts a±, . . . , ai, 
the corresponding FZ relation is 



FZ(g,r;a) = 



K 



(exp({l-A}){C CTl }...{C CTi } 



2.2. Conjectural relations. We now begin to construct conjectural 
relations in R r (M. gn ). When n — 0, it will be clear that the restric- 
tion of these relations to the interior are simply the usual FZ relations 
described above. The relations are parametrized by partitions a with 
no parts of size 2 mod 3 together with nonnegative integers ai, . . . , a n 
not 2 mod 3, subject to the conditions 3r > g + 1 + \a\ + Yli a i an d 
3r = g + 1 + \a\ + ^ mod 2. 

We denote the relation coming from this data by 

TZ(g,n,r;a,a!, . . . ,a n ), 
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and we write 

TZ{g, n,r;a,a 1 ,...,a n ) = | Aut(r)| ^ r * ^ r ^' n ' r; a > Gl ' ' ' ' ' ° n ^' 

where the sum is over isomorphism classes of dual graphs T. Here 
TZr(g, n, r; a, ai, . . . , a n ) is a polynomial of degree r — |i£(r)| in the k 
and ip classes on the components of Air- We denote these classes by 
k\ v ^ (for i > and v G V(r) a vertex of T) and ^ (for h a half-edge of 
r, by which we mean either half of a full edge or one of the half-edges 
hi corresponding to a marking i). 

In order to describe this polynomial, we need to modify the defini- 
tions used in the FZ relations to include extra parity information. This 
will involve augmenting the polynomials and power series with extra 
commuting variables ( satisfying ( 2 = 1. 

First, we define series Q(T,C) G (Q[C]/(C 2 - 1)) [PI by 

d M (T,()=TA((T) 

and 

C 3l+1 (T,() = (TB((T). 

Next, if F is a power series in T and £ then we let [Fj^n^a denote 
the coefficient of T n ( a and define 

{F}= \F] T ^K nA T n , 

7i6Z,o6Z/2 

where the K n a are formal indeterminates. 

Finally, k is a linear operator converting polynomials in the K na 

into polynomials in the kappa variables along with an additional 
variable ( v (satisfying Q = 1) for each vertex v, defined by 

K{K euai ...K euai ) = Y. II ( £ ^c c 

rdSi c cycle in r \ ueK(r) 

where e c and a c are the sums of the e; and Oj respectively appearing in 
the cycle c. 

Then we can write 



lZr(g,n,r;a, ai,. . .,a n ) 



^K(ew{{i-c }){d n }...{d ai }) 



i=l eGE(r) 



T r-\E(T)\ J-J ^ + 1 ' 

«ev(r) 
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where hi(T) = \E(T)\ — \V(T)\ + 1 is the cycle number of T, marking % 
corresponds to half-edge hi on vertex t>j, and g v is the genus of vertex 
v. 

Also, for each edge e G E(T), let e\ and e 2 be the two halves, attached 
to vertices V\ and v 2 respectively. The edge contribution A e appearing 
in the above formula is a power series in T with coefficients that are 
polynomials in := ^1,^2 := ip e2 ,(i '■= Cn, and C2 ■= Cv 2 - 

* A(Ci^iT)C 2 B(C 2 ^2T) + Ci£(Ci^iT)A(C 2 V; 2 T) + Ci + C2 

(Vi+^ 2 )T 

The fact that ipi + ^2 divides the numerator in this formula is a con- 
sequence of the identity 

A{T)B{-T) + A{-T)B{T) + 2 = 0. 
This completes the definition of TZ(g, n, r; a, ai, . . . , a n ). 
Conjecture 1. 1Z(g, n, r; cr, ai, . . . , a n ) maps to G i?*(A1 9i n) 3r > 

ff + 1 + H + Xli a i- 

In principle, it seems that it should be possible to adapt the stable 
quotients methods developed in [^j and used in [7] to prove this, though 
there are a lot of details to work out. 

We also conjecture that this construction produces all relations in 
the tautological ring. To make the statement of this precise, let H g , n 
be the linear span of all elements of the strata algebra S g ^ n produced as 
follows: choose a dual graph V for a boundary stratum of M. 9jn , pick 
one of the components S g ^ n i in St = S guni x ■ ■ • x S gmt n m , take the 
product of a relation TZ(g', n', r; a, ai, . . . , a n ) on the chosen component 
together with arbitrary classes on the other components, and push 
forward along the gluing map Sr —> S gtTl . 

Conjecture 2. TZ 9t n is the kernel of the natural surjection S g>n — >■ 

R*(M g , n ). 

Note that this conjecture would imply that the regular FZ relations 
give all relations in the tautological ring of Ai g , which is well known to 
contradict for g > 24 Faber's conjecture [3] that this ring is Gorenstein. 
Another consequence is that all "new" relations in positive genus would 
be ^-invariant - see Proposition [2J 

3. Additional properties 

In this section we list a couple of properties satisfied by the relations 
TZ(g,n,r;a,a 1 , . . . ,a n ). 
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First, there are no tautological ways of enlarging the space of con- 
jectured relations TZ giTl . 

Proposition 1. The vector subspace lZ 9tn of the strata algebra S gjTl is 
an ideal. Moreover, this collection of ideals of the stata algebra is closed 
under pushforward and pullback by the gluing and forgetful maps. 

We can also ask how many of these relations are actually necessary to 
generate them all using multiplication, pushforward, and pullback. To 
make this question precise, let 7?.°^ be the sub-ideal of 7Z g , n generated 
by S^TZg^n together with the images of other 7Z g ' t n' under pushforwards 
via gluing maps or pullbacks via forgetful maps; these are the relations 
that come from some simpler moduli space. 

Proposition 2. If g > then TZg^/TZ" 1 ^ is generated by the relations 
lZ(g, n, r; a, 1, . . . , 1) with all parts of a congruent to 1 mod 3. 

In particular, all the new relations in our set of conjectural relations 
are S^-invariant. 

4. Computations 

We have checked both Conjectures [T] and [2] in many small cases 
(where the tautological ring has already been computed) with the aid 
of code written for Sage to compute the finitely many relations for any 
fixed g,n, and r. This includes checking for the presence of Getzler's 
relation [I] in R 2 (M.ia) and the Belorousski-Pandharipande relation [2] 
in -R 2 (A^2,3)- In addition, Yang computed the ranks of the Gorenstein 
quotient in many cases in [5] and in most of them we have been able to 
compute that the relations 7Z g , n produce the same ranks. For example, 
the relations TZ g , n give rank 333 for -R 3 (A^2,4), rank 142 for R A (M.^2), 
rank 50 for R 4 (M4) and R^(Mi), and so on. 
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